Abstract-We present results of the numerical simulation of the transient behavior of shallow junction single photon avalanche diodes (SPAD's). We developed a bidimensional model for above breakdown simulations and show that the initially photogenerated charge density builds up locally by an avalanche multiplication process and then spreads over the entire detector area by a diffusion-assisted process. To model real geometries, we developed a simplified model based on the obtained results. The importance of the photon-assisted spreading mechanism is evaluated and compared with the diffusive one. The contribution of the photonassisted mechanism is minor in these geometries. The model is compared with the experimental data on the avalanche leading edge and the timing resolution; the agreement is good. We conclude that the model can be considered to be a useful tool for the design of improved structures.
I. INTRODUCTION
S ILICON p-n junctions reverse biased above breakdown have long been used as photon detectors in the visible and in the near infrared spectral range. These devices are usually called single photon avalanche diodes (SPAD's). Technological improvements of the material quality and a better understanding of the phenomena involved in their operation finally brought these devices outside the research laboratories, leading to the development of commercially available detectors. Today, SPAD's are profitably used in a wealth of applications such as time-resolved spectroscopy; chemistry, physics, and biology [1] - [8] ; fluid velocimetry [9] ; laser ranging [10] ; optical time-domain reflectometry [11] , [12] ; single molecule detection [13] , [14] , astronomy [15] ; distributed sensing [16] ; optical modulators [17] , [18] ; investigations of quantum-mechanical phenomena [19] - [21] ; and studies of high field properties of semiconductors [22] .
Although in the last decade the device performance has been significantly improved, little effort has been made in the development of reliable models of the device operation, and the design rules of SPAD's have yet to be settled. This situation is mainly due to the nature of the task: The description of the time-dependent behavior of devices working in very strong breakdown conditions poses serious problems from a numerical standpoint and cannot be managed by a brute-force approach. The aim of this paper is to describe the physics of SPAD operation and the numerical models that we have developed in order to quantitatively assess the contributions of different phenomena on the detector performance. Section II summarizes the typical operation of the device. The different structures of presently available SPAD's are introduced and their performance described. The dynamics of the avalanche multiplication of carriers in the above-breakdown regime is discussed in Section III. Section IV deals with the quantitative models developed to study the avalanche process in a twodimensional (2-D) device. The spreading process from the seed point to the entire detector area is computed, and the charge quantization effects are evaluated. The simulation of more realistic device structures is discussed in Section V, where a simplified model is developed. Numerical results and experimental measurements on detectors with a circular sensitive area are compared in Section VI.
II. SINGLE PHOTON AVALANCHE DIODES
Operation of SPAD devices relies on a simple principle: When the reverse bias voltage of a p-n junction is raised above the breakdown voltage , even a single carrier can trigger an avalanche process, leading to a measurable current in the milliamp range. In fact, after avalanche triggering the photodiode current swiftly rises, eventually reaching a value given by the ratio between the excess bias above and the diode effective series resistance, with contributions from device and circuit resistances as well as space charge and thermal heating effects. A fast discriminator can sense the onset of the avalanche current and then provide an output pulse synchronous with the avalanche event. If the first carrier is generated by photon absorption, the avalanche marks very precisely the photon arrival time. In order to make possible the detection of a subsequent photon, the photodiode must be reset, that is, the avalanche must be quenched. Quenching is accomplished by suitable driving electronics that lower the device bias close to or below the breakdown value [23] - [27] . After a certain dead time, which lasts a few tens of nanoseconds, the voltage can be restored again to the operating value in order to detect the arrival of another photon.
Due to the peculiar device operation, the avalanche can be triggered not only by photogenerated carriers but also by carriers thermally generated or emitted by trapping levels in the semiconductor [28] . Therefore, even if the detector is held in the dark, there is an avalanche triggering rate that is called the dark-counting rate. Dark counts compete with photons in triggering the detector, thus reducing the sensitivity. Requirements of low dark counts make SPAD fabrication very delicate. Different technological recipes have been developed to lower defect densities, and presently available silicon devices feature dark count rates from to 10 s per m of active volume at room temperature. SPAD's are employed either to detect weak quasicontinuous optical signals (photon counting) or to measure the waveform of fast signals (photon timing). In the former case, the detector simply counts the incoming photons, and the avalanche rate represents the useful output signal. In timing measurements, the intensity of optical pulses (e.g., a luminescence signal excited by a laser) is attenuated so that no more than one photon per pulse reaches the SPAD. A time to pulse height converter (TPHC) measures the time delay between the emission of the optical waveform, which is marked by an electrical signal synchronous with the laser pulse, and the photon detection, which is defined by the avalanche signal [29] , [30] . A multichannel analyzer (MCA) collects the results of many repetitive measurements, and the resulting histogram gives the time-resolved shape of the optical signal. The typical experimental setup is reported in Fig. 1 . The fastest signal detectable in photon-timing measurements depends on the response of the entire apparatus, which is measured by sending picosecond laser pulses directly to the detector. In this case, the collected histogram can be regarded as the response of the experimental setup to a delta-like excitation. Fig. 2 shows a typical time response of a shallow junction SPAD. The timing resolution is usually quoted by the full width at half maximum (FWHM) of the curve. In a well designed system, the electronic jitter can be reduced below 10 ps FWHM; therefore, the ultimate timing performance is limited by the detector itself.
Presently available silicon SPAD's can be classified into two main groups: shallow junction devices and reach-through SPAD's. The former have been extensively studied and are optimized for careful photon timing [31] - [34] . The latter have been designed for high quantum efficiency and large sensitive area. Shallow junction SPAD's are n -p junctions with a depleted region that is about 1 m thick (Fig. 3) . The junction is fabricated by phosphorus doping to a peak concentration of about 10 cm in a p epilayer grown over an n-type substrate [35] , [36] . The sensitive area of the detector is determined by a boron implant leading to a peak concentration of about cm , which locally lowers the breakdown voltage around 16-25 V. The edge-breakdown voltage of the n -p guard ring occurs at about 70 V due to the lower doping of the epitaxial layer. A plot of the net doping profile along a section taken inside the active area is shown in Fig. 4 . For optimum timing performance, the sensitive area of these devices must be small, ranging from 5 m to about 22 m in diameter. Up to now, these geometries have yielded the best values for the single photon timing resolution, with a record value of 20 ps FWHM, obtained with a 5-m diameter detector cooled to about 30 C [34] .
For these structures, there is a tradeoff between timing response and quantum efficiency, which will be quantitatively assessed in the following. In general, response times of a few tens of picoseconds require a small photodiode volume; therefore, the quantum efficiency of shallow SPAD's peaks in the visible range at about 500 nm with values close to 50%, but it sharply decreases to about 8% at 800 nm and 3% at 900 nm. Higher quantum efficiency can be obtained with reach-through structures, where the entire volume beneath the -p junction is fully depleted at the operating bias. Typical thicknesses of the depleted region range from 25 to 30 m, and the active area diameters are in the range 150 to 500 m. The breakdown voltage of these photodiodes reaches values of 235-400 V. Among the devices currently available, those manufactured by EG&G 1 (formerly RCA) have become a standard for all applications [37] - [46] . The quantum efficiency reaches 80%, and the best timing performance so far obtained is about 140 ps FWHM [47] . In the following, we will focus our analysis on high-resolution devices, giving a detailed description of the physical processes involved in their operation and their impact on the detector performance. All the calculations have been performed by taking as a reference device the shallow junction SPAD in Figs. 3 and 4 with a breakdown voltage of 16 V.
III. STATISTICS OF THE AVALANCHE DYNAMICS

A. Carrier Generation
The probability for a photon to be absorbed at a certain distance from the surface is a decreasing exponential function with a characteristic length depending on the light absorption coefficient. In general, the first electron-hole pair can be created either in the depleted layer of the junction or in the adjacent neutral regions. In the former case, the electric field makes the electron move at saturated velocity toward the n side and the hole to the p side. As a carrier crosses the high field region, impact ionization may occur, and the diverging multiplication process is triggered a few picoseconds after photon absorption. These events contribute to the peak width of the timing response in Fig. 2 . If photon absorption occurs instead in the neutral regions, the minority carrier (electron in the p-side) may reach the depleted region by diffusion. Therefore, the time delay between photon absorption and avalanche triggering is considerably longer, and these carriers determine the exponential tail that impairs the timing response (see the full width at one hundreth in Fig. 2) . A new generation of SPAD's overcoming this problem has already been developed [48] , and new results have been submitted for publication [47] . The presence of the tail and its intensity will be discussed in Section VI-A. We now focus our attention on the peak of the timing curve and, therefore, on the dynamics of carriers photogenerated in the depletion layer. In shallow junction devices, the light is absorbed uniformly in the depleted layer. Therefore, since, at saturated velocity, the first carrier crosses a 1-m depleted region in about 10 ps, the spatial randomness of photon absorption sets an ultimate timing resolution of the order of 10 ps/ m of depleted region. The experimental values are instead significantly larger since other processes play a role in determining the actual timing performance of SPAD's.
B. Avalanche Multiplication
It is well known that there is a noise associated with the avalanche multiplication process; therefore, a contribution to the overall timing jitter is expected to arise from the statistics of impact ionization. When an APD is operated below breakdown, fluctuations in number and position of the ionizing events cause fluctuations in the amplification gain. In the above breakdown regime, the avalanche process is divergent, and no gain can be defined. In this case, avalanche statistics cause fluctuations in the current waveform, determining a jitter in the time delay between the triggering of the avalanche process and the time at which the leading edge of the current crosses the timing threshold set by the following electronics. An analytical evaluation of this time jitter would require the use of branching processes theory and does not give results in closed form [49] , [50] . Therefore we have studied this effect by developing a one-dimensional (1-D) statistical simulation of the timedependent avalanche process, which has the advantage of providing a more versatile tool. In the simulation, the carriers drift at saturated velocity in the depleted region in a given field profile, and their ionization paths are drawn step by step from the exponential distributions for the electrons and its analogues for the holes. Newly generated carriers are subsequently added, and the process is repeated until either the current reaches a predetermined value or all the carriers exit the depleted region. The case of nonuniform electric field is dealt with using a self-scattering algorithm, which increases the efficiency of the program [51] , [52] . The current (conduction displacement) due to charged carriers (electrons holes) was evaluated according to Ramo's theorem as (1) where is the depletion layer width. Fig. 5 shows the result of a typical simulation of the rise of the avalanche current in a detector with the electric field profile of a shallow junction SPAD with a breakdown voltage of 16 V and m. The first electron-hole pair is generated at , and the point of photon absorption has been picked with uniform probability within the depletion layer. The current level corresponding to a single photogenerated carrier is mA. Note that the rise of the current waveform is shifted with respect to ; this shift corresponds to the time needed by the first photogenerated carrier to travel from the generation point to the high field region, where it impact ionizes for the first time. As long as the number of carriers in the depleted region is below about 100 (current level below mA in Fig. 5 ), the statistics of each ionizing event causes significant noise on the current waveform. As the number of carriers gets high enough, the statistical fluctuations are averaged out, and the current waveform approaches an exponential dependence. Note, moreover, that for current values above 1 A, the timing jitter becomes independent of the current so that this contribution cannot be reduced by lowering the discriminator threshold.
Sometimes all the carriers may fail to impact ionize before reaching the corresponding electrode; in this case, the avalanche gets quenched (arrow in Fig. 5 ). The probability of triggering a diverging discharge is called breakdown probability and can be exactly calculated for a given field profile [53] , [54] . Fig. 6 shows the FWHM jitter of the threshold crossing time of the avalanche current shown in Fig. 5 computed by collecting a sufficient number of simulations for every bias point and taking into account the electric field profile of the shallow junction SPAD in Fig. 3 . For bias voltages higher than 19 V, the statistical jitter reaches an almost constant value less than 10 ps FWHM. This contribution is due to the random distance crossed by the first electron-hole pair from the photogeneration position to the high field region. Two aspects of the simulation deserve further comments: the choice of the ionization coefficients and the impact of carrier dead space on avalanche statistics. Regarding the ionization coefficients, it is well known that available experimental results, even for silicon, still show remarkable differences [55] - [60] . In our work, we chose the values after Grant et al. [57] since they account for the experimental values of the breakdown voltage of our devices. The effect of the carrier dead space on the avalanche statistics cannot be overlooked; the probability for an electron starting at to impact ionize for the first time in should be more exactly written as (electrons moving from right to left) (2) where is the electron dead space, that is, the space a carrier must travel in the direction of the electric field to gain the minimum energy required to impact ionize [61] . The quantity is instead the ionization probability after the dead space. It has been shown that , which is usually named the microscopic ionization coefficient, does not coincide with , which is the experimentally measured coefficient [62] . Unfortunately, the experimental data available in the literature do not allow quantitative assessment of the values of and as functions of the electric field. This may appear somewhat surprising since impact ionization has long been studied. Instead, there is still a need for further experimental work on this subject.
The theoretical difficulties can be overcome by following a more pragmatic approach: We have performed some simulations taking and and adopting realistic values for the dead spaces. We have found that the main effect of dead space was a shift of the junction breakdown voltage. By comparing the avalanche jitter at the same relative excess bias voltage, the values appeared to be within a few percent of each other. Therefore, we expect that the adoption of the carrier dead spaces and of the right values for the microscopic ionization coefficients and should not lead to avalanche statistics that are significantly different from those derived by neglecting the dead spaces and adopting the experimental values for the macroscopic ionization coefficients and . All the results reported in the following have thus been obtained by neglecting the dead space.
Finally, let us make some comments on the time constant of the exponential rise of the avalanche current. The avalanche current density can be written as [63] ( 3) where is the mean gain of the multiplication process in the case of pure electron injection, which is given by (4) The intrinsic time response , which was computed there, was later corrected by Kuvås and Lee [64] accounting at a first order for the displacement current, which was neglected in the first paper. In their quasi-static approximation, it can be written as [65] (5) where , and . Fig. 7 shows the comparison between the time constant obtained from the simulations and the quasi-static approximation computed with (5) . It can be seen that this approximation fails to exactly account for the time constant of the structure. This conclusion had already been pointed out in a paper by Sellberg [66] , and later by Holway [67] , who derived the correct solution for the avalanche time constant in the case of constant coefficients. For our purposes, a simpler analytical fitting of the simulation results can be obtained by using the very common approximation for the multiplication factor [68] (6) where is the maximum electric field, and is the field at breakdown. The above formula can be simplified via a first-order expansion of the ionization integral to (7) Fig. 7 also shows the values obtained from the above formula using the fitting value ps, which works very well except for excess bias voltages lower than 1.5 V, where it underestimates the time constant. However, this discrepancy will have negligible impact on the following analysis, which mainly deals with the detector performance at large excess bias.
IV. DIFFUSION-ASSISTED AVALANCHE SPREADING
The avalanche current cannot rise exponentially forever; eventually, space charge effects arising from the increasing free carrier density lower the junction electric field in the region where the avalanche has first been triggered, and the impact ionization rate decreases. As a consequence, the current density saturates, and the photodiode current cannot increase further unless the avalanche is triggered in other regions that are still quiescent. Therefore, the shape of the current leading edge at a macroscopic level depends on the avalanche spreading over the entire detector junction: The faster the impact ionization spreading, the shorter the current rise time. Two different processes play a role in the avalanche spreading: 1) drift and diffusion of free carriers in the direction parallel to the junction plane (Fig. 8) ; 2) emission of secondary photons by avalanching carriers that can be absorbed in quiescent regions (Fig. 9 ). We will show that in shallow junction SPAD's the former mechanism is the most relevant and makes the avalanche spread evenly. Hence, in a device with a circular junction area, the current pulse with the shortest rise time occurs when the photon impinges just in the center. In this case, the avalanche can spread in all the directions, and the time needed to trigger the entire junction is the shortest. Moving toward the edge results in a one-sided spreading, and the rise time increases. The dependence of the current risetime on the photon-impinging position degrades the detector timing performance when the light spot is not tightly focused onto the center of its sensitive area.
In summary, the timing resolution of a SPAD detector is given by the composition of two independent contributions. The first is due to the statistics of the ionizing events at the very beginning of the avalanche transient when the current is still too low to be detected. The second arises instead from free carrier space charge, which makes the current waveform depend on the spreading dynamics of the avalanche over the detector area. Since the two contributions occur at different current levels, they can be separately evaluated. The aim of this section is to discuss the numerical simulation of the avalanche spreading dynamics.
A. The Deterministic Model
A complete model for the simulation of the spreading can be developed starting from the continuity equations for electrons and holes and the Poisson equation where and are the electron and hole current densities, and is the electrostatic potential. In the above equations, account for carrier generation by impact ionization, and the term due to thermal generation/recombination of carriers can be neglected since the avalanche transient lasts only a few nanoseconds. Photon absorption is represented by the initial condition . The current densities in (8) and (9) are expressed as (11) (12) where and are the diffusion coefficients in the high field region [69] , [70] , and the field dependences of the mobilities and have been taken into account. In addition, note that carrier generation due to secondary photons has been neglected at this time. This effect will be quantitatively assessed in Section V-B. A time-dependent solution of these equations on the geometric domain of a realistic detector in the above breakdown regime requires a formidable computational task and poses serious numerical problems [71] . Sufficient physical insight in the avalanche dynamics can, nevertheless, be gained by solving the equations in a 2-D rectangular geometry, representing the detector depleted region (Fig. 10) . Equations (8)- (10) are, hence, integrated under two further assumptions: 1) The depleted region thickness does not change during the transient, which corresponds to assuming a n -p-p doping profile of the photodiode structure. This sets the boundary conditions for the Poisson equation and permits good convergence of the algorithm. 2) The ohmic path due to the neutral regions is accounted for by introducing an equivalent lumped resistor (Fig. 10) . We also introduce the 50-resistor load due to the following electronics and a stray capacitance due to the bond and the detector case. Equations (8) and (9) have been discretized in a usual finite differences scheme with an upwind-crosswind strategy [72] , [73] . The Poisson equation was solved and decoupled from the continuity equations with a Fast Fourier Transform method [74] , [75] . Note that since we are dealing with avalanche transients, the choice of expressing the carrier concentrations via the quasi-Fermi levels leads to numerical inaccuracies since it does not allow for a zero concentration in the depleted region. Equations (8) and (9) have thus been integrated without any change in variables.
The simulated device has a shallow SPAD electric field profile in the direction with a breakdown voltage of 16 V, an applied bias of 20 V, and a rectangular active area that is 60 m long in the direction. Note that due to the 2-D approach, the detailed carrier transport in the direction has been neglected, and the density is assumed constant along . The series resistance to the external ohmic contacts is 500 , and the stray capacitance is 4.5 pF. Fig. 11 shows the hole concentration in the depleted region 40 ps after the avalanche is triggered in the center of the active area. Due to the symmetry of the geometry, Fig. 11 shows only the part corresponding to . Moreover, to make the graph clearer, only the region m is plotted. It is worth noting that in the first tens of picoseconds, the avalanche multiplication develops in a well-confined region, and the process is mainly 1-D at its start. In this region, the avalanche time constant and statistics can be computed by adopting the 1-D model discussed in Section III. About 40 ps after triggering, the carrier space charge has reached values high enough to limit a further current growth; only at this time, when the avalanche current is about 0.2 mA, does the shape of the current pulse begin to be affected by the dynamics of the spreading process. Fig. 12 shows the hole concentration 500 ps after the triggering; the electron concentration shows a similar shape, except for the drift direction, which is the opposite. Three different regions can be identified in the direction: For m, the free carrier concentration shows a constant value, which is required to lower the electric field at the junction to the breakdown value. In this region, the avalanche process is self-sustaining; on the average, for each carrier pair crossing the junction, there is no more than one impact ionization event. For m, the avalanche has not yet been triggered. The electric field at the junction is higher than the breakdown value, and as soon as a carrier reaches the region, the avalanche may be triggered. Between these two regions, there is a carrier wavefront moving in the direction, with a steep concentration gradient and a peak. The latter is due to a boundary space charge effect: at the border of the avalanching area, the electric field due to the dopants is less effectively screened by the free charges; it remains higher than the breakdown value, even if the free carrier concentration exceeds the value already reached in the avalanching area. The actual value of the peak density is determined by a balance between the carrier multiplication rate and the transverse spreading velocity of the avalanche. Finally, by comparing Figs. 11 and 12, it can be noticed that the hole density in the avalanching region decreases remarkably during the transient. In fact, at the beginning, a very small current flows through the junction, and the voltage drop across the neutral regions of the device is negligible. The current value is only limited by space charge effects in the small areas where the avalanche occurs, and the free carrier density can reach very high values. As the avalanche spreading goes on, impact ionization is triggered in an increasing percentage of the detector area, the current rises, and the voltage drop across the neutral regions becomes significant. Since the latter drop competes with the carrier space charge in lowering the junction electric field, the new self-sustaining regime in the avalanching regions is reached with a lower free carrier concentration.
In order to quantitatively assess how fast the carrier wavefront moves on, we may define its transverse spreading velocity. This parameter can be estimated from a formula derived in early investigations of this phenomenon [76] , [77] (13) where is an average diffusion coefficient of the avalanching carriers, and is the avalanche time constant in the regions close to the border of the diffusing wavefront ( m in Fig. 13 . Avalanche spreading velocity. Fig. 12 ). Even if (13) gives only a first estimate of the effect, it is useful to qualitatively explain the features of the spreading dynamics: As the carriers diffuse, the raised voltage drop on the neutral regions lowers the junction electric field, increasing the time constant . Hence, according to (13) , the spreading velocity becomes smaller. This behavior is confirmed by the simulation results, which are shown in Fig. 13 as a function of the position of the propagating wavefront. The initial peak close to is determined by the high carrier densities and high concentration gradients reached in the region where the multiplication process is first triggered (Fig. 11) .
B. The Stochastic Model
The numerical integration of (8) and (9) does not take into account the charge quantization. In fact, in a deterministic model, the carrier density is multiplied by impact ionization everywhere on the integration domain, even in volumes where the average charge is a mere fraction of the electron charge. This effect may lead to overestimating the carrier concentration on the leading edge of the propagating wavefront where the carrier density steeply decreases, thus overestimating the spreading velocity. To give a detailed answer to these objections, we have developed a stochastic 2-D simulator based on a simplified Monte Carlo approach. In this model, the carriers are considered individually, and their motion is computed by adding a diffusion random walk in the -plane to the deterministic drift contribution. The multiplication process is computed in a way analogous to the model presented in Section III-B. Figs. 14 and 15 show the results of this model for an overvoltage of 300 and 800 mV, respectively, in a SPAD diode with m active area with 1.36-k ohmic resistance. This is the device with the smallest current driving capabilities. The current waveforms are compared with the results obtained from the deterministic model. It can be seen in Fig. 14 that statistical effects play a non-negligible role at this current level. As the applied bias in increased, the results are very well followed by the deterministic solution. A qualitative reason for this agreement can be found in the following argument: It was previously shown (Fig. 5 ) that the fluctuations due to the multiplication statistics are averaged out if the number of carriers involved exceeds about 100. Therefore, if the carriers on the leading edge of the diffusing wavefront are more than 100, the multiplication statistics should not affect the transverse diffusion of the avalanche. In Fig. 12 , the region with the steep gradient is about 0.5 m long in the direction, and 100 carriers in a depleted region volume with a square base m correspond to about 1000 carriers/ m . We hence expect relevant statistical effects only when the carrier density on the leading edge of the diffusing wavefront decreases below this value. Note that in large devices as well as in small, like the 8-m one, the carrier density is above the critical value for almost the whole transient. Moreover, we have already seen that due to the voltage drop across the ohmic series resistance, the carrier density in the junction-depleted region decreases as the transient goes on. Therefore, it is more likely that the critical density value of 1000 m be reached at the end and not at the beginning of the current transient. This is why the waveforms in Figs. 14 and 15 look more noisy when the current is close to its stationary value rather than during the avalanche onset.
V. SIMULATION OF REALISTIC DEVICES
A. Simplified Model for 2-D Spreading
The model described in the previous section was able to study the spreading dynamics along one direction, namely, the direction in Fig. 10 . The simulation of devices with realistic geometries requires the description of the avalanche spreading over a 2-D domain, that is, over a surface. Based on (8)- (10), a full 3-D extension of the simulator has been developed, but the computational power required to accurately describe a realistic detector geometry becomes prohibitive. The alternative was to exploit the quantitative insight already gained to develop a model that should be more simplified in the description of the microscopic carrier dynamics but able to handle the avalanche spreading over the detector area.
The detector may be described as an ensemble of elementary devices connected in parallel (Fig. 16) , whereas the neutral regions in the structure of Fig. 3 have been described with a resistor network. Our assumption was to consider the free carrier space charge effective only in the direction (see Fig. 10 ). Neglecting for the moment the diffusion contribution, the current in the single element can be described by (3). The space charge effects inside each element were modeled with a nonlinear space charge resistance, which slows down the peak electric field in (7) as the current rises. The resulting expression can be written as [78] ( 14) where is the saturated space charge current, and , where represents any resistance in series to the depleted layer. The lateral diffusion between adjacent elementary devices can be included by an additional term, leading to (15) where the coefficient takes an effective value depending on both the electron and the hole diffusion coefficients. A precise evaluation of is not important since its value will be determined by a fitting procedure. Note that with these assumptions, we are simplifying the electrostatic coupling between adjacent elementary diodes; in fact, in the framework derived, the electric field in the depleted region of each diode is only sensitive to the space charge in its own volume. The resistive network in Fig. 16 , representing the neutral layer, can be split up into two parts: The resistor is due to the epitaxial layer just beneath the p junction side, where the avalanche current flows from the top junction to the bottom p epitaxial layer. This contribution is modeled by a resistor in series to each elementary diode.
is accountable instead to a first approximation for the buried p epilayer. These contributions can be calculated for the different geometries and doping profiles. Note that by adopting this picture, we are not discerning between the resistances seen from the center and the edge of the device. However, more exact calculations have shown negligible variations in the results. In order to verify the impact of these approximations, we have compared the time dependence of the avalanche current in a SPAD diode as obtained with the model described in Section IV-A with the results from the simplified model for the case of a 1-D geometry. We put in the simplified model and selected the same value for to make the comparison in the same conditions. Fig. 17 shows the results for an 8-m active area diode with a 1.36-k series resistor. The external 50-load and 4.5-pF capacitor have been taken into account. As it can be seen, the simplified model is perfectly able to fit the correct results, with an effective diffusion coefficient cm s . At a more detailed inspection, a small difference in the evolution of the current in the depleted region shows up, which is completely filtered out by the case capacitance so that it does not affect the current in the external circuit. This result demonstrates that space charge effects play only a minor role in the spreading dynamics and, despite the simplifying assumptions, the developed model can be adopted as a simulation tool. Fig. 18 shows the comparison between the experimental measurements on a device with a m rectangular area and the simulations performed with the simplified model. The agreement is good over the entire bias range by using the parameters ps and cm s . This means that even if many simplifications have been adopted, the physical description of the avalanche dynamics is still reasonably accurate, and the optimum values for the parameters are very close to the expected values. Moreover, of more importance, the model is able to account for the experimental behavior of devices with different areas and at different biases without any change in the parameters.
B. Photon-Assisted Avalanche Spreading
It was briefly explained in Section IV that secondary photons emitted by avalanching carriers can be reabsorbed in the active area of the diode, triggering the avalanche over an extended area (Fig. 9) . Since the spectrum of hot electron emission in silicon p-n junctions is peaked in the infrared, most of the secondary photons are absorbed several tens of micrometers away from the emission point, and this mechanism is expected to dominate the avalanche spreading in large volume detectors (i.e., reach-through structures). However, since the emission of secondary photons is not negligible until about 3 eV, the effect may play a role even in shallow junction devices and must be investigated in more detail. The spectrum and absolute intensity of the photons emitted from SPAD structures has been measured [79] ; for energies greater than the silicon band gap, its shape can be well approximated by a Gaussian distribution with peak emission located at eV and a variance eV . The photon emission and reabsorption mechanisms were included in the simplified computer model: At each time step, the number of emitted photons is picked from a Poisson distribution having a mean value corresponding to 10 secondary photons per carrier per second emitted with energies higher than the band gap [80] - [83] . The emission was assumed isotropic, and multiple reflections of the photons between the edges of the device chip have been properly accounted for. The photon energy was drawn according to the Gaussian distribution, and the silicon absorption coefficient was computed from a polynomial approximation of the experimental data [84] - [86] .
In order to gain an estimate of the relative importance of the different spreading mechanisms, we performed simulations of the same diode, leaving only one process active and turning off the other. Fig. 19 shows the avalanche dynamics in the SPAD of Fig. 18 in the two cases. The contribution due to photons, being computed in a statistical way, has been averaged over several runs. It can be easily seen that this spreading mechanism taken alone gives rise to an avalanche leading edge that is definitely too slow with respect to that which results from the diffusion-assisted process. This is due to both the small device active volume and the relatively small value of the current. As the longest side is reduced below 25 m, the impact of secondary photons on the avalanche spreading is totally negligible, changing the crossing time of the discriminator threshold by less than 1 ps.
In conclusion, the photon-assisted spreading may play a role in SPAD structures with a sensitive area of several hundred square microns. At any rate, the diffusion-assisted spreading remains the main mechanism contributing to the avalanche dynamics in these devices. The photon-assisted spreading becomes important as the detector active volume increases and the avalanche current level rises. It is definitely dominant in reach-through structures [87] .
VI. SIMULATION OF THE TIMING RESPONSE
A. Diffusion Tail
The final goal of the modeling of these devices is to account for the timing response of the detector. The above discussion has dealt with the computer simulation of the mechanisms contributing to the FWHM of the timing curve. Therefore, we have always assumed that the avalanche is triggered by a photon absorbed in the junction depletion region. Despite the fast component, the experimental timing response shows the presence of a tail, which is determined by carriers photogenerated in the neutral regions beneath the junction and reaching the electric field region by diffusion (see Fig. 2 ). The shape of the diffusion tail in a SPAD structure was studied by Ripamonti and Cova, who developed a simplified Monte Carlo code for the computer simulation of the effect [88] . However, the shape of the tail can be obtained with a simple analytical model. Referring to the device structure in Figs. 3 and 4 , it can be easily noticed that photons absorbed in the lower n-type substrate cannot contribute to the diffusion tail since the substrate-epistrate junction builds up a barrier to electron diffusion toward the detector junction. Only electrons photogenerated in the p epilayer can contribute to the tail. Moreover, the upper metal plate screens the guard ring region from photons, which can be absorbed only in the neutral layer just beneath the p implant. In these devices, it is sufficient to account for carriers diffusion in a 1-D approximation. Let us consider a neutral region extending from , which is the edge of the depleted region, to . If we neglect the recombination of carriers, the continuity equation for electrons becomes (16) where is now the diffusion coefficient in quasi-equilibrium conditions, which is about 20 cm s [68] . The boundary conditions for in (16) are
which correspond to the assumption of uniform photogeneration of electrons in the neutral layer. This equation can be solved with Fourier series expansion, obtaining for the diffusion current at the edge of the neutral region (19) The first term in the series has a time constant of , which determines the slowest decay constant of the tail in the timing response of SPAD diodes. Equation (19) , normalized to unity, also gives the distribution of the arrival times to the depleted layer edge of the electrons photogenerated into the neutral regions at time .
B. Calculation of the Detector Response
Once the avalanche buildup and spreading (Section V-A) and the diffusion process (Section VI-A) have been described, the overall timing response of the detector can be written as (20) where is the probability for a photon of being absorbed in the neutral layer, and is the timing response resulting from an electron located in the depletion region at and randomly distributed over the detector sensitive area. The function accounts for primary absorptions directly in the depleted layer, where the avalanche process can immediately start, whereas accounts for the finite diffusion time for the carriers photogenerated in the neutral regions. The calculation of requires the simulation of the avalanche current transient distribution as a function of the photon impinging position, which was performed with the simplified lumped model described in Section V-A by assuming a uniform probability of photon absorption over the detector area. Since the calculation of the distribution function requires the evaluation of the crossing times of the discriminator threshold (set at an input equivalent current level of 0.2 mA), the electronics following the detector must also be properly accounted for.
The timing electronics can be schematically represented by an amplifier stage followed by an ideal discriminator (see Fig. 20 ). We will avoid details regarding the optimization of the electronics in this work; for our purposes, the amplifying stage can be assumed with a single time constant corresponding to its dominant pole. This time constant slows down the leading edge obtained from the simulations, providing the actual distribution . Other noise sources contribute to further impairment of the detector time response: These are the multiplication noise of Fig. 6 and the electronics and laser diode noise. The former, which was previoulsy evaluated from a simulation of the avalanche buildup, can be represented by an approximately Gaussian distribution whose FWHM is shown in Fig. 6 . The measured contribution of the electronic noise to the time jitter can be expressed as (21) where is the rms value of the electronic noise, and is the slope of the voltage signal leading edge at the input of the discriminator stage. As the leading edge gets faster, this contribution to the timing jitter decreases. However, since the avalanche current can rise to the steady-state value in less than 1 ns, the actual slope of the current leading edge is limited by the finite bandwidth of the amplifying stage.
A convolution between and the other contributions is finally required. Since is far from being Gaussian, the convolution process does not result in a distribution function with a variance proportional to the quadratic sum of the contributing variances; hence, an exact computation is required.
C. Final Results
To test the model, we have compared the results computed for circular SPAD devices with an 8-and a 22-m diameter with the experimental data. The electrical parameters were extracted from the experimental data, as explained in Section V-A. The values for the 8-m diameter diode are , and for the 22 m, , and . The electronics were accounted for with a time constant of 1 ns. The size of the elementary diodes was chosen to be 0.15 m, which is sufficiently small to describe the regular spreading of the carriers. Further reduction of the element size results in a greatly enhanced computation time needed to compute and does not change the results appreciably. The results of the simulation in terms of the FWHM are shown in Fig. 21 together with the experimental results. It can be seen that a good agreement is obtained for all values of the overvoltages and for both structures. Fig. 22 shows the timing response of the 8-m photodiode in a linear scale compared with the result of our simulations.
VII. CONCLUSION
We have developed reliable tools for the simulation of the transient behavior of shallow junction single photon avalanche diodes. The timing resolution is limited by both the avalanche multiplication noise and the spreading mechanisms. A de-tailed simulation of the above breakdown avalanche transient in these devices shows that a process of diffusion assisted multiplication is responsible for the avalanche spreading from the seed point to the entire area. The statistical effects due to the carrier ionization events and their transverse diffusion have been evaluated and discussed. Based on the results of a detailed quantitative analysis, we have developed a simplified model, which is shown to be useful for realistic device simulations. The influence of the photon-assisted spreading on the avalanche dynamics in SPAD's has been investigated, and its contribution turns out to be negligible compared with the diffusion process. The results computed for both the shape of the avalanche current leading edges and the device timing resolution are in good agreement with the experiments. The models presented in the paper can be regarded as a tool for the design of new improved structures.
